SOCY2200 Statistics							Instructor: Natasha Sarkisian
Handout: Chi-square (2) Test

Chi-square test of independence is used to evaluate whether there is a relationship between two variables that are categorical (usually nominal). No relationship = independence. The data for such evaluation is best presented in cross-tabulations (crosstabs), also known as contingency tables. 

The data are arranged into a table, with values of one variable forming columns, and the values of the second one forming the rows. After arranging frequencies into a contingency table (cross-tabulation), we calculate percentages to better interpret the data. You can calculate row percentages (each row=100%), column percentages (each column=100%), or cell percentages (each cell=100%). 

We will always use column percentages for simplicity. That means it often will be important which variable will be placed in rows and which one in columns. Sometimes we see the two variables as equivalent (like in a correlation) and then it does not matter which one is the row vs column variable; but oftentimes we see one variable as dependent and the other variable as independent (as in regression); in that case the “independent” variable forms the columns of the table, while the “dependent” variable forms the rows. So we will calculate percentages within each category of our “independent” variable—that is, we will ask: of those with a given value of the dependent variable, what percentage of cases has each value of the dependent variable?

The idea of chi-square test: observed frequencies (O=what we have in the data) are compared to expected frequencies (E=what we would expect by pure chance, if the two variables are independent). 

Chi-Square Test Step by Step
1. State hypotheses:
H0: Oi = Ei  -- in words, X and Y are independent  
H1: Oi ≠ Ei  -- in words, X and Y are related
2. Select alpha: 0.05, 0.01, .001, .10
3. Test statistic: Chi-square
4. Formula: 
[image: http://www.janzengroup.net/stats/images/equation-chisquare.JPG]
O = “observed”; the actual number of cases in a cell 
E = the number of cases "expected" in the cell if we assume H0 (no relationship, or independence); E= Ct x Rt /T    
Rt = the total for the Rth row 
Ct = the total for the Cth column
T = total number of cases in the table
5. Use the table to find critical value: Table B5, using df = (R-1)x(C-1) and selected alpha [R = number of rows, C = number of columns]
6. Compare computed value and critical value.
7. State your decision about H0: If your computed value is larger than the critical value  reject H0 in favor of H1. If your computed value is smaller than the critical value  fail to reject H0. 
8. Make your overall substantive conclusion; make sure to comment on whether the two variables are related in the population. 

Post-hoc examination: Interpret the pattern of percentages that substantively explains the relationship. Focus in particular on the cells with the largest contributions to the overall chi-square -- largest values of (O-E)2/E – especially those with values exceeding z score corresponding to your level of confidence(z=1.645 for 90% confidence, z=1.96 for 95% confidence, z=2.576 for 99% confidence). Identify those cells, then look at one cell at a time and compare those percentages with those in the same row with them to figure out whether people in that column are more or less likely to have a value corresponding to that row. 

Chi-Square Test Using Stata
1. State hypotheses:
H0: Oi = Ei  -- in words, X and Y are independent  
H1: Oi ≠ Ei  -- in words, X and Y are related
2. Select alpha: 0.05, 0.01, .001, .10
3. Test statistic: Chi-square
4. We use Stata to obtain the computed statistic:
tab depvarname indepnvarname, col chi

5. Identify the chi-square value and the associated p-value.
6. Compare p-value and alpha.
7. Decision about H0: If the resulting p-value is smaller than your alpha  reject H0 in favor of H1. If it is larger than alpha  fail to reject H0. 
8. Make your substantive conclusion; make sure to comment on whether the two variables are related in the population. 

Post-hoc examination: 
Make sure to install the tab_chi module first using the following command (only need to do it once):
net install tab_chi, from(http://fmwww.bc.edu/RePEc/bocode/t)
If we find a significant relationship in previous steps, we follow up with the analysis of residuals:
tabchi depvarname indepnvarname, adj

Examine the pattern of residuals in the output of tabchi command; focus on residuals that exceed z score corresponding to your level of confidence (z=1.645 for 90% confidence, z=1.96 for 95% confidence, z=2.576 for 99% confidence). Once you identified cells with residuals above your chosen z, examine the percentages associated with those large residual cells in order to substantively describe the relationship: Look at one of those cells at a time and compare those percentages with those in the same row with them to figure out whether people in that column are more or less likely to have a value corresponding to that row. 

Example by Hand 
We want to know whether gun ownership is related to one’s marital status in the U.S. population. We collect data from a random sample of 150 Americans. We find that 15 people are never married and have a gun, 15 are previously married and have no gun, and 30 are married and have a gun. Further, 45 people are never married and don’t have a gun, 30 are previously married and don’t have a gun; 15 are married and don’t have a gun.  Do the rates of gun ownership depend on marital status?  

First, we arrange the data into a 3 x 2 table. Since we consider that marital status might be affecting gun ownership rather than other way around, we put three marital status categories as three columns, and two gun ownership categories as two rows, and calculate column percentages:





	
	C1
Never married
	C2
Previously married
	C3
Married
	Row Totals
(Rt)

	R1
Gun
	15
25%
	15
33.33%
	30
66.67%
	60
40%

	R2
No gun
	45
75%
	30
66.67%
	15
33.33%
	90
60%

	Column
Totals (Ct)
	60
100%
	45
100%
	45
100%
	150
100%



The actual number of cases in a cell is symbolized by O, for "observed" frequency.  E stands for the number of cases "expected" in each cell under the null hypothesis of no relationship (independence).  R is the number of rows and C is the number of columns.  Rt and Ct are the totals for the Rth row and Cth column. The N for this table (which we label T, for "total") is 150.The first cell (C1R1) contains 15 people, indicating that there are 15 never married people who own guns.  The marginal totals for each row and column are shown in the bottom row. The percentages in this table are so-called column percentages: each column total is 100%, and the percentages are calculated within each column separately (to calculate them, divide the cell count by the column total and then multiply by 100). 

Now, we can interpret the pattern in the sample. Here, in the sample, only 25% of never married individuals have guns, while almost 67% of married people have them. Previously married individuals are in the middle – 33% of them have guns. Note that we interpret percentages within each column – e.g., R1C1 is 25% and that’s 25% of never married have gun, NOT 25% of those who have a gun are married (this second interpretation is incorrect but a common mistake, especially with more complex tables). If you see a table, interpret within columns if each column adds up to 100% and interpret within rows if each row adds up to 100%. 

Next, we would like to determine if there is a relationship between marital status and gun ownership in the population. Let’s do a chi-square test of independence (independence means “no relationship”):
1. We state the hypotheses:
H0: Oi = Ei  -- in words, marital status and gun ownership are not related  
H1: Oi ≠ Ei  -- in words, marital status and gun ownership are related
2. Select alpha: 0.05
3. Test statistic: Chi-square
4. Formula: 
[image: http://www.janzengroup.net/stats/images/equation-chisquare.JPG]
O = “observed”; the actual number of cases in a cell 
E = the number of cases "expected" in the cell if we assume H0 (no relationship, or independence);     E= Ct x Rt/T. (Note that Rt /T gives us proportion of each row category in the total, and that proportion will be the same for each column in that row.)
Rt = the total for the Rth row 
Ct = the total for the Cth column
T = total number of cases in the table






	Cell
	E= Ct x Rt/T
	O-E
	(O-E)2
	(O-E)2/E

	C1R1
	60 x 60/150 = 60 x .4 = 24
	15 - 24 =   -9
	   81
	81/24   = 3.375

	C2R1
	45 x 60/150 = 45 x .4 = 18
	15 - 18 =   -3
	     9
	9/18     = 0.500

	C3R1
	45 x 60/150 = 45 x .4 = 18
	30 - 18 = +12
	 144
	144/18 = 8.000

	C1R2
	60 x 90/150 = 60 x .6 = 36
	45 - 36 =  +9
	   81
	81/36   = 2.250

	C2R2
	45 x 90/150 = 45 x .6 = 27
	30 - 27 =  +3
	     9
	9/27     = 0.333

	C3R2
	45 x 90/150 = 45 x .6 = 27
	15 - 27 = -12
	 144
	144/27 = 5.333

	
	                      150
	                   0
	
	  2     = 19.791



2 = ((O-E)2/E ) = 19.791

5. Now we find the critical value: Calculate degrees of freedom: (number of rows minus 1) multiplied by (number of columns minus 1): df = (R-1)x(C-1) = (2-1)x(3-1) = 2 df.  Assuming a significance level of .05, the critical value of chi-square as found in table B5 for 2 degrees of freedom is 5.99.
6. Compare computed value and critical value: 19.791 > 5.99
7. Decision: The obtained chi-square of 19.791 far exceeds the critical value of 5.99, so we reject the null hypothesis.  
8. Based on our sample data, we are 95% (or even 99.9%, given how far out the computed value is) confident that marital status is related to gun ownership in the population. [The departures from independence we found are so large that chance would produce a chi-square this large less than 5% of the time when randomly sampling from a population in which the two are independent.] 

Post-hoc: 
The large residuals (over 1.96 which is z score for 95% confidence) correspond to C3R1 , C3R2  , C1R1 , C1R2. These represent both rows of never married and married columns. We can conclude that married individuals are particularly likely to own guns (67% of them do), and never married people are particularly unlikely to own them (only 25% of them own a gun). 

Example in Stata
Using GSS 2012 dataset, determine if the opinions about legalizing marijuana (grass) are linked to people’s level of education (degree) in the population (use 95% confidence level)? If so, describe the pattern you observe in the sample and use post-hoc analysis to pinpoint the pattern of statistically significant differences.

1. State hypotheses:
H0: Oi = Ei  -- in words, opinions about legalizing marijuana and education level are independent  
H1: Oi ≠ Ei  -- in words, opinions about legalizing marijuana and education level are related
2. Select alpha: Let’s use 0.05
3. Test statistic: Chi-square
4. We have raw data, so we use tab command in Stata: 
[bookmark: _GoBack]
. tab grass degree, col chi
+-------------------+
| Key               |
|-------------------|
|     frequency     |
| column percentage |
+-------------------+
    SHOULD |
 MARIJUANA |
   BE MADE |                   RS HIGHEST DEGREE
     LEGAL | LT HIGH S  HIGH SCHO  JUNIOR CO   bachelor   graduate |     Total
-----------+-------------------------------------------------------+----------
     legal |        74        277         51        110         74 |       586 
           |     38.14      47.43      53.13      48.46      55.64 |     47.49 
-----------+-------------------------------------------------------+----------
 NOT LEGAL |       120        307         45        117         59 |       648 
           |     61.86      52.57      46.88      51.54      44.36 |     52.51 
-----------+-------------------------------------------------------+----------
     Total |       194        584         96        227        133 |     1,234 
           |    100.00     100.00     100.00     100.00     100.00 |    100.00 

          Pearson chi2(4) =  11.6452   Pr = 0.020

5. Chi-square = 11.5, p=0.020.  
6. P value of .02 is smaller than alpha of .05
7. Decision about H0: The resulting p-value is smaller than alpha  reject H0 in favor of H1 
8. Based on the data from GSS in 2012, we are 95% confident that the relationship between people’s level of education and their opinion on legalizing marijuana exists in the population. 

Post-Hoc Analysis of Residuals:
. tabchi grass degree, adj
          observed frequency
          expected frequency
          adjusted residual
------------------------------------------------------------------------------------------
SHOULD    |
MARIJUANA |
BE MADE   |                               RS HIGHEST DEGREE                               
LEGAL     | LT HIGH SCHOOL     HIGH SCHOOL  JUNIOR COLLEGE        bachelor        graduate
----------+-------------------------------------------------------------------------------
    legal |             74             277              51             110              74
          |         92.126         277.329          45.588         107.797          63.159
          |         -2.839          -0.038           1.152           0.324           1.993
          | 
NOT LEGAL |            120             307              45             117              59
          |        101.874         306.671          50.412         119.203          69.841
          |          2.839           0.038          -1.152          -0.324          -1.993
------------------------------------------------------------------------------------------
          Pearson chi2(4) =  11.6452   Pr = 0.020
 likelihood-ratio chi2(4) =  11.7237   Pr = 0.020

The largest residuals (over 1.96 which is z score associated with 95% confidence level) are associated with less than high school and graduate degree columns. Compared to everyone else, those who did not finish their high school degree show the lowest levels of support for legalization -- only 38% of this group supports legalizing marijuana, as compared to between 47% and 56% support in all other groups. In contrast, those with graduate degrees are particularly likely to support legalization – almost 56% of respondents in that group said that they think marijuana should be made legal, which is the highest percentage among all education groups. 
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